The paper deals with the question about the existence or non-existence of a degree-one map of a closed orientable 3-manifold M to some lens space. The answer to this question is determined by the cyclic decomposition of iϊi(M), except when Hι(M) contains an even number of direct factors isomorphic to Z 2 fc. In this case one has to calculate the linking matrix of M to get the answer. For every n even, we give a Seifert manifold M n with H\(M n ) = Z n θ Z n that does not admit a degree-one map to L(n, m) for any m.
Introduction.

Motivated by articles by Y. Rong [10] also Y. Rong and S. Wang [11]
, we consider the question whether a given 3-manifold M admits a degree-one map to a lens space L(n,ra) or not. For every n a geometric criterium is given (Theorem 2.2) by the linking pairing ToτHι(M) ® ΎorH 1 (M) ->• Q/Z, (α, β) ι-> aQβ. Moreover it has the advantage of being quite simple and useful for the geometric construction of examples with a negative answer. Because it is a pairing on abelian group it is easy to prove (Theorem 2.10) that the answer to the question about the existence of a degree-one map to a L(n,ra) is determined by the cyclic decomposition of H λ (M) except for the case where n = 2 k ΰ, k > 0, n odd and H λ (M) contains an even number of direct factors isomorphic to Z 2 *. In the end one has to calculate the linking pairing only in this case.
For the case L(n,m) = £(2,1) = P 3 the often used method depends on the existence of a generator ξ G H ι (L (2, 1) , Z 2 ) with the property £UξU£ Φ 0. If n is odd or a multiple of 4 (see for example Remark 2.8 (c)) there is no element ξ e H ι (L(n,m), Z n ) with ξ 3 φ 0, but there is a generator μ G Hι(L(n,m)) with linking number μQμ φ 0 [16, 14.7.3 (c) ]. This is the ingredient for Theorem 2.2. If there is a degree-one map M -> L{n, m) then .Hi(M) has a direct factor isomorphic to Z n , see [2] , [16, 14.2.6] . Exploring the geometric description of the linking number we construct for every even n a Seifert manifold M n with Hι(M n ) = Z n φZ n such that there is no degreeone map from M n to a lens space L(n, ra). If n = 2 the Seifert manifold M 2 does not contain an embedded closed non-orientable surface of odd Euler characteristic (Theorem 4.1).
Degree-one maps to P 3 appear in another context, namely in the theory of kinks which are related to Riemannian 4-manifolds with a Lorentz metric. The homotopy classification of Lorentz metrics on a space-time model reduces to the study of the homotopy classes [M 3 ,P 3 ] where M 3 corresponds to the space part. In [13] it is shown that [M 3 ,P 3 ] is an abelian group isomorphic to Z 0 Z^. The number of kinks (i.e. the number of tiping over of the light cone) appears in the factor Z and depends on the existence or non-existence of a degree-one map M 3 -» P 3 . In [13] one asks to determine the existence or non-existence of degree-one maps to P 3 for all closed connected orientable 3-manifolds. The theory of kinks has recently again been considered by G. W. Gibbons and S. W. Hawking [4] in the more general theory when the topology of the space changes during the time.
Discussions with Ralph Stόcker have been of great influence to this paper. Jeff Williams and Peter Zvengrowski introduced us to the theory of kinks and Daryl Cooper suggested Theorem 4.1. We thank the referee for his help, in particular for the better formulation of Theorem 2.10.
A criterion for the existence of degree-one maps.
Notations 2.1. For lens spaces we use the usual notation L(n,m) and understand at all times that n > 1 and gcd(n,ra) = 1.
In the following we use the group Q/Z. Proof of 2.2. Consider the lens space L(n, s) where sr = 1 mod n; in the following we will write 5 = r" 1 and L = L(n, s).
First we recall that the mapping
is surjective. This is obtained as follows. By the universal coefficient theorem, there is an isomorphism By [16, 15.6.3] , there is an ά G H X {M, Z n ) such that
Next we prove that the f:M-+L above can be chosen such that f*(β) ά. To see this, define
Since μ is a generator of iϊ 1 (L, Z n ) the homomorphism ^ is an isomorphism and the homomorphism ψ^oφ:
is well defined. By (1) 
) is of the form cα with gcd(p,c) = 1.
Suppose that /: ,q~1) ) of order n such that β Q β -[m/n}\ hence, p = /en, /c E Z, and /? = kca for some c E Z. Then
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The other direction follows from 2.2 (a) using the same calculation. D [7] gave an answer by proving the existence of a special surface. Using the argument of [7] , E. Luft and Y. Rong independently observed that there exists a degree-one map /: M -» L(n, m) if H 1 (M) = Z n θA and the order of Tor A is relatively prime to n. This is a consequence of 2.10.
(b) For many Seifert fiber spaces M one can easily prove the existence of a degree-one map onto some lens space L(2 k ,m), proceeding from the canonical presentation of the fundamental group of M to the homology of M with Z 2 coefficients (see below). But this approach does not give negative answers to the existence of degree-one maps onto a fixed lens space or any lens space.
3. On the non-existence of degree-one maps. Notice that these relations imply that h is in the center of ττi(M).
Theorem 3.2. For n even the Seifert manifold M -M(-1/n, -1/n, 1/n) admits no degree-one map to a lens space L(n,m) (m arbitrary) and for n -2 k to any lens space, but Hχ(M)
= Z n φZ n .
Proof. Abelianizing π x (M) gives
where ξ = x u η -x x -x 2 .
(For n = 2 the order of τri(M) equals 8, for n > 2 the order is infinite.) To calculate ηΘη, we have to find a singular surface Fχ, 2 such that 9F 12 -nη. It is possible to describe this surface in three parts. One part lies in T 2 and is obtained from an annulus by identifying one boundary component with the curve h = -α 2 + nb 2 on dT 2 while the other boundary component runs n times along the core -b 2 of T 2 . (Here b 2 denotes both the longitude and the core of the solid torus which are homotopic in T 2 .) Another part is a singular annulus in 1\ with one boundary component running n times along 6x and the other being the curve ft = ~aχ + nbi on OTχ. These two parts are connected by an annulus / x ft. Then 
By the same construction as above we find a singular surface F 23 with c?F 2)3 = n6 2 + n& 3 = n(rc 2 + x 3 ) = -n^x = -nξ.
Since For n = 2m the homology groups do not suffice to solve the problem and Shastri-Zvengrowski used a free ZQ 8m -resolution of Z to calculate explicitly the ring structure of H*(K(Q 8πι , 1); Z 2 ). We will show next that their result can also be obtained by our geometric method. Consider the following presentation of Qsm
Since the fundamental groups of the Seifert fiber spaces M and M(-l/2ra, -1/2,1/2) are isomorphic to Q 8m the spaces are homeomorphic, see [9, p. 110] . Clearly, h is in the center of the group and a presentation of the abelian group Hχ(M) is as follows:
with ξ = x and 77 = mx -y.
To calculate 77 © 77 in the same manner as above we find a singular surface F xy such that dF xy = 2η. Now we have to calculate the intersection number of F xy with y and x (there is no need to worry about the sign of the . The map / is a degree-one map M -> P 3 . (α) =4> (6): Suppose /: M -> P 3 is a degree-one map. Deforme / to be transverse to P 2 C P 3 such that F = /"^P 2 ) is connected. Let iV(P 2 ) be a regular neighbourhood of P 2 in P ) is of even degree. Therefore N(F) is a twisted /-bundle and, hence, F is non-orientable.
Suppose the Euler characteristic of F is even. Then F = F'#K with F' closed orientable and K a Klein bottle. Let N(F) be a regular neighbourhood of F in M. It is an /-bundle. This /-bundle over F' is a product because M is orientable. The /-bundle over K is twisted over every orientation reversing curve. Let a and β represent the two generators of the fundamental group of K, where the loop a is two-sided and β is one-sided. Then a is the only non-trivial element in ΎoτH^F) = Tor i/^iV^)) and, hence, the only candidate for a Θ a φ 0. However one can push F off itself in N(F) so that the self-intersection of F is a. Since the /-bundle over a is trivial, α can be pushed off F. Then the intersection of α and F is empty; thus α Θ α = 0. (Compare Fig. 1 .) By Remark 2.8 (a), this contradicts the existence oΐ ζ e H 1 (M; Z 2 ) with ζUCUζ^O. D
